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Abstract 
 
In this note, we have investigated Schwarz child’s exterior and interior solutions in bimetric 
theory of gravitation by solving Rosen’s field equations and concluded that the physical 
singularities at 0r  and at Mr 2  do not appear in our solution. We have ruled out the 
discrepancies between physical singularity and mathematical singularity at Mr 2  and 
proved that the Schwarzschild exterior solution is always regular and does not break-down at 
.2Mr   Further, we observe that the red shift of light in our model is much stronger than that 
of Schwarz child’s solution in general relativity and other geometrical and physical aspects are 
studied. 
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1.   Introduction 
 
Shortly after Einstein (1915) published his field equations of general theory of relativity, 
Schwarzschild (1916) solved the first and still the most important exact solution of the Einstein 
vacuum field equations which represents the field outside a spherical symmetric mass in 
otherwise empty space. Later it was also recognized as the solution representing both the 
outside and inside of a non-rotating black hole [Rindler (2001)]. Schwarzschild used spherical 
symmetric space-time in order to get the solution of gravitational mass inside and outside the 
star, since spherical symmetry has its own importance in general relativity. In order to get the 
solution, for outside the stable non rotating star which is static, Schwarzschild used spherically 
symmetric space-time mass distribution metric and by solving Einstein field equation in empty 
space (no matter but gravitation is there), arrived at the famous Schwarzschild exterior solution 
given by 
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where M is the mass of the gravitating body. To get the solution inside the non-rotating stable 
star, he again used spherical symmetric space-time mass distribution and solved the Einstein 
law of gravitation in the presence of matter which is a consequence of the Schwarzschild 
interior solution and is given by: 
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The most noteworthy thing of the Schwarzschild exterior solution is that it enables us to study 
the gravitational field surrounding the Sun and heavenly bodies and it is used in discussing the 
three crucial tests namely: i) advance of perihelion of Mercury, ii) bending of light and iii) 
gravitational red shift which bring out the distinction between the predictions of Newtonian 
theory of gravitation and the General theory of relativity. The Schwarzschild interior solution 
gives the gravitational field inside the Sun and other details are given in Borkar et al. (2003) 
and Karade (2004). 
Schwarzschild (1916) found two types of singularities in his solution, one is real (or physical) 
singularity at r = 0 the other is mathematical (can be removed) singularity at Mr 2 . This is 
also called Schwarzschild singularity. The issue of the Schwarzschild singularity at Mr 2  
has created interest but of different opinions: some believe that it is a mathematical singularity 
while the others opine that it is a real or physical singularity [see Finkelstein (1958), Kruskal 
(1960), Synge (1964), Penrose (1965), Hilton (1965), Geroch (1966, 1968), Bel (1969), Rosen 
(1970), Finley III (1971), Karade et al. (1975, 1976), Karade (1975, 1976), Borkar et al. 
(2003)]. 
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Several alternative theories to the general theory of gravitation have been formulated and the 
spherical symmetric models have been investigated to understand the secret of the nature of the 
universe. Rosen’s bimetric theory of gravitation is one of the alternatives to general relativity 
and it is free from the singularities appearing in the big bang theory of cosmological models; it 
obeys the principle of covariance and equivalence of the general relativity. In Rosen’s bimetric 
theory of gravitation (1973, 1974, 1977), at every point of space-time, there are two metrics: 
 
ji
ij dxdxgds   
2                                              (3) 
 
and 
 
.  2 jiij dxdxd    
                                             (4)
 
    
The first metric is Riemannian metric in which ijg  are the fundamental metric tensors 
representing gravitational potentials described in the geometry of curved space-time and the 
second is a flat metric in which ij  represents as background metric describing the inertial 
forces associated with the acceleration of the frame of reference. The interpretation of these 
two metric tensors in bimetric theory of relativity is not unique. 
 
The Rosen’s field equation in bimetric theory of gravitation is  
,  8  
2
1 j
i
j
i
j
i TNN                                                                     (5) 
where   ,
2
1
|  |   
  

 is
jsj
i ggN   
ij
ij NgN   is the Rosen scalar. Here and hereafter the vertical 
bar ) |(  stands for
 
 – covariant differentiation where )( det ijgg  and  ).( det ij   
As the Rosen’s bimetric theory of gravitation is free from singularity, in this paper we embrace 
the task of investigating the Schwarzschild exterior and interior solution in bimetric theory of 
gravitation by solving Rosen’s field equation and try to clarify the nature of Schwarzschild 
singularities at 0r  and at .2Mr   This is the motive of work to observe whether the space-
time is break-down or not at 0r  and at Mr 2  and also to see the geometrical and physical 
behavior of the Schwarzschild model in bimetric theory of gravitation. It is concluded that the 
Schwarzschild exterior solution in bimetric theory of gravitation is free from singularities at 
0r  and at Mr 2 and the space-time is regular everywhere and the discrepancies of 
physical singularity and mathematical singularity at Mr 2 is ruled out. 
  
2.   Schwarzschild Exterior Solution 
 
We consider static spherically symmetric, non-rotating line element in the form 
 
  ,  sin 2222222 dteddrdreds                                                   (6) 
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where the metric potentials   and   are functions of r  only. 
The flat metric corresponding to metric (6) is 
  . sin 2222222 dtddrdrd                                                       (7) 
 
Therefore, Rosen’s field equation (5) by using the equations (6) and (7) in empty space-time 
are takes the form as follows 
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2
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
                                              (8) 
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Adding equation (8) and equation (11), we have 
 
  .0''''                                                                             (12) 
 
On integrating, we get 
 
  ,'' k                                                                                      (13) 
 
where k  is the constant of integration. 
 
As we know the particle diminishes as we go infinite distance outside the star indicated 
0,   as  r  so that 0, ''   as .r  This yield .0k  Thus,     
 
  ,0''   
 
which on integrating gives 
 
  ,1k                                                                                (14) 
 
where 1k  is the integrating constant. Choosing ,01 k  we write 
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.                                                                                             (15) 
 
Thus,                                           
 
.  ee                                                       (16) 
 
On integrating equation (8) twice, we obtain 
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Therefore line element (6), reduced to 
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This is the Schwarzschild exterior solution in bimetric theory of gravitation. 
 
It is observed that our Schwarzschild exterior solution (20) is regular and the space-time is not 
break-down at 0r  and at .2Mr   Though, 0r  is a physical singularity and Mr 2  is 
mathematical (or physical) singularity in Schwarzschild exterior solution in general relativity, 
these singularities are not appeared in the Schwarzschild solution in bimetric theory of 
gravitation. Therefore, our model of Schwarzschild metric in bimetric theory of gravitation has a 
physical significance that it is regular everywhere and it is singularity free solution. 
 
Gravitational Red Shift 
 
Suppose light waves emitted from the source in the gravitational field from which number of 
waves of frequency v  be emitted in proper time ds is given by 
 
.   dsv                                                      (21) 
 
An observer on the earth receiving the same number of waves of different frequency i.e., ' v  in 
proper time '  ds  is given by 
 
.   ' ' dsv                                          (22) 
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From equations (21) and (22), we get 
 
.      ' ' dsvdsv                           (23) 
 
From our Schwarzschild exterior metric (20), we obtain the relation between proper time ds and 
coordinate time dt  by assuming   ,r  and    constant as 
 
.
 
2
    1  
2
 













r
Mr
e
dt
ds
                                           (24) 
 
For the radius of the Sun ,Rr   we write 
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Hence successive light waves emitted at the coordinate interval dt  are separated by the proper 
time 'ds period on reaching to the earth. So that 
 
.' dtds                                        (26) 
 
From equation (25) and (26), we obtain 
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From equation (23) and (27), we write 
 
.
 
2
  1  
2
 ' 
' 














R
MR
e
v
v
ds
ds
                                                                  (28) 
 
Let )( ' vvv   be the change in frequency, then the red shift (shift towards red spectrum) is 
given by 
v
v 
 and from equation (28) it is  
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Here,  
 
Mass of the Sun, 33102M  gm and Radius of the Sun, 101096.6 R  cm 
 
Gravitational constant, 81067.6   cm3/gm, Velocity of light, 10103c  cm/sec 
 
Therefore,  
 
mass of the Sun in centimeters, 5
2
104822.1
 

c
M
m

 cm 
 
For the sun, equation (29) gives the red shift as 
 
.104799.3
 10
v
v
                                                                    (30) 
 
Equation (29) is the required formula for the red shift. From equation (29), it is observed that 
negative sign shows that the frequency of light waves decreases as it leaves the sun. When it 
reaches to the earth, we get the shift towards red end of spectrum. It seems that the atoms on the 
sun were vibrating in slow motion when we observe them from the earth. Comparing the value 
of our red shift given by equation (30) in bimetric theory of gravitation to that of red shift 
6 1012.2   in Schwarzschild exterior solution in general relativity, we concluded that our value 
of red shift is much stronger than that of general relativity by .104799.3 10  
 
3.   Schwarzschild Interior Solution 
 
The energy momentum tensor jiT  of the incompressible perfect fluid is given by 
 
,   )( ji
j
i
j
i gppT                                           (31)  
 
where  and p are the proper energy density and pressure respectively. The quantity   is the 
scalar of expansion which is given by, 
 
i
i
 |                                                     (32) 
 
 and i   is the flow vector satisfying the relation 
 
 .1  
ji
ijg                             (33) 
 
We assume that coordinates to be co-moving, so that 
  
.1   ,0 4321                                  (34) 
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Equation (31) of energy momentum tensor yield 
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The Rosen’s field equations (5) for the metric (6) and (7) with the help of (35) gives 
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Adding equation (36) and (39), we have 
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Subtracting equation (41) from equation (40), we have 
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On integrating twice and selecting suitable value of constant of integration, we write 
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Adding equations (40) and (41), we get  
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We can also deduced the value of    by adding equations (42) and (43) as under 
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We have two values of e given by equation (50), from which you can take any value. Here, we 
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Hence, the Schwarzschild interior solution will be 
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This is the Schwarzschild interior solution in bimetric theory of gravitation.  
 
At the boundary of the star i.e., ,1rr   for Schwarzschild exterior solution (20) and 
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and  
 
.  1   2 3
2
1  
2
2
12
1
1
1





































R
r
BrA
r
M
r                                                        (53) 
 
From equation (52) and (53), we have 
 
 1  2 31 3
2
1  
2
2
12
12
2
1
1
1






















































R
r
BrA
R
r
r
M
r , 
 
from which, we write 
 









2
3
22
 3 1
2
2
1 r
R
r
M   and .1  ,0  BA              (54) 
 
Thus at the boundary of star ,1rr   we get 0A  and .1B  Now at the boundary ,1rr   the 
pressure 0p  and hence .0
3
  8

p
A

 This value of A  is matched to the value 0A  and 
1B  obtained at the boundary. 
     
4.   Conclusion 
 
We have investigated Schwarzschild exterior and interior solutions in bimetric theory of 
gravitation by solving Rosen’s field equations. It is realized that our Schwarzschild exterior 
solution is free from singularities at 0r  and at Mr 2  and our solution always regular and 
do not break-down at 0r  and at .2Mr   The singularity at Mr 2 has created interest of 
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the people. Some people say that it is a physical singularity and some opined that it is a 
mathematical one. We ruled out these two opinions and proved that these singularities not 
appeared in Schwarzschild solution in bimetric theory of gravitation. Further, we observed that 
the red shift of light and concluded that our red shift is much more stronger than that of red 
shift in general relativity. At boundary of the star, we concluded that the values of A and B  as 
0A  and .1B  
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